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The spin polarization of topological surface states is of high interest for possible applications in
spintronics. At present, the only technique capable to measure the surface state spin texture is spin
and angle resolved photoemission spectroscopy (SARPES). However, values reported by SARPES
differed strongly. An established technique to measure the spin polarization of ferromagnetic mate-
rials is the so-called Meservey-Tedrow technique, which is based on spin dependent tunneling from
a superconducting electrode to a ferromagnet. Here, we theoretically investigate how the Meservey-
Tedrow technique can be adapted to topological insulators. We demonstrate that with a specific
device geometry it is possible to determine the in-plane component of the spin polarization of topo-
logical surface states. More complex device geometries can access the full momentum dependence
of the spin polarization. We also show that it is possible to extract the spin-flip scattering rate of
surface electrons with the same devices.
PACS numbers:
I. INTRODUCTION
Since their discovery about a decade ago1–5, topolog-
ical insulators (TIs) have attracted great interest in the
field of spintronics6–13. This interest originates from the
presence of topologically protected surface states in an
otherwise insulating bulk gap. Particularly, these sur-
face states have a Dirac cone like dispersion and, due
to strong spin orbit coupling, spin and momentum are
locked, i.e. electrons propagating in opposite directions
possess opposite spin.
Theoretical calculations for three-dimensional TIs like
Bi2Se3 predict that the spin is orthogonal to the mo-
mentum and lies mainly in the surface plane, with a
small out-of-plane component in some materials due to
the hexagonal deformation of the Fermi surface for larger
wavevectors14. While this is well confirmed by spin- and
angle-resolved photoemission spectroscopy (SARPES)
experiments15, the measurement of the degree of spin-
polarization is still problematic. While most theoretical
calculations yield values around 50%−65%16–18, the val-
ues reported by SARPES measurements differ strongly
between ∼ 45% and 100%18–21. The problem with this
technique is that, depending on the photon energy and
the photon polarization, the spin of the photoelectrons is
different from that of the original electrons in the topo-
logical surface states.18,22 However, a detailed knowledge
about the surface state spin-texture is important, be-
cause it can be crucial for the efficiency of spintronic
devices based on topological insulators.
An established technique to measure the spin polar-
ization of ferromagnetic materials is a method first used
by Meservey and Tedrow23,24. In this technique spin-
dependent tunnelling from a superconductor to a ferro-
magnet is used to determine the degree of spin polariza-
tion. Meservey, Tedrow, and Fulde showed that in thin
superconducting aluminum (Al) films the quasiparticle
states split in a strong parallel magnetic field B and the
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FIG. 1: BCS density of states within an applied magnetic
field. The energy of electrons with parallel and antiparallel
spin orientation with respect to the applied magnetic field
is shifted in opposite directions with respect to the chemical
potential µ (dashed purple and dotted green). In a tunnel
junction the total differential conductance is a superposition
of these two spectra depending on the polarization of the other
material. For an unpolarized material one finds an equal su-
perposition (blue), while for a polarized material the degree of
polarization can be obtained from the asymmetry of the peak
heights observed in the differential tunnelling conductance.26
BCS energy spectra of spin-up and spin-down electrons
are thereby shifted by ±µBB with respect to the original
spectrum (see Fig. 1).25 In junctions made out of Al, an
insulating barrier (I), and a third material, this allows
to measure the spin polarization of the third material
from the conductance of the junction as the spin of tun-
nelling electrons is conserved.23 If the third material is
a material in which all spins are oriented either parallel
or antiparallel to the magnetic field, e.g. a ferromagnet,
the spectrum is a simple polarization-dependent super-
position of the two shifted spectra like in Fig. 1. The
polarization can then easily be extracted from the rela-
tive height of the four peaks at ∼ ± (∆± µBB) in the
spectrum as was shown by Tedrow and Meservey.23,24
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2FIG. 2: Basic geometry of a device for measuring the spin
polarization of topological surface states using the Meservey
Tedrow technique. The current is injected into the topological
surface states via the aluminum (Al) electrode and extracted
through the metallic electrodes (M). Due to the large spatial
extend of the TI in y-direction compared to the distance d,
possible scattering processes at the edges of the TI can be
neglected.26
The Meservey-Tedrow technique cannot be applied di-
rectly to a topological insulator surface, because the spin
direction rotates around the Fermi surface. Therefore,
the total polarization seen in the tunneling conductance
would average out to zero. In order to still allow a de-
termination of the spin polarization we suggest to take
advantage of the spin-momentum locking of the topo-
logical surface states. The main idea can be understood
from the device geometry shown in Fig. 2. The supercon-
ducting Al electrode (light blue) is placed on top of the
topological insulator surface (dark blue) and a thin in-
sulating barrier (yellow). Two metallic electrodes (grey)
are placed to the left and right of the Al electrode with
a distance d between them. A tunnelling current is fed
through the Al electrode and extracted on the metallic
electrodes, which should both be on the same potential.
Due to the helical spin texture and the Dirac cone like
dispersion of the topological surface states, the mean spin
polarization of electrons propagating in one direction is
opposite to that of electrons propagating in the opposite
direction. As a result, the current extracted at the right
metallic electrode will be dominated by one spin direction
and the current extracted at the left metallic electrode by
the opposite spin direction. From the imbalance of the
differential conductance one can then determine the de-
gree of spin polarization of the topological surface states.
In the following we will provide theoretical calcula-
tions of the differential conductance of such a device and
demonstrate that an extraction of the spin polarization
is feasible.26 In contrast to most ferromagnetic materi-
als the density of states of the topological surface states
varies strongly as a function of energy, which needs to
be taken into account in the calculations. Also, the tun-
nelling conductance will depend on the spin-flip mean
free path of the electrons in the topological surface states.
In the presence of spin-flip scattering an electron that
initially propagates in positive x-direction can be scat-
tered and eventually appear at the opposite electrode in
negative x-direction. For this reason the distance d be-
tween the electrodes should be chosen smaller than a few
spin-flip mean free paths to be able to extract the spin
polarization. Experimental values for the spin-flip mean
free path range between 200 nm in disordered Bi2Se3
27
and a few microns in HgTe28. In section III we will dis-
cuss this dependence on the spin-flip mean free path and
show that it provides the possibility to extract the spin-
flip mean free path from such devices.
II. MODEL
To provide a realistic calculation of the tunnelling
conductance of an Al/I/TI junction, we use a tight
binding model for the Bi2Se3 class of materials as
given in Ref. 9. This tight binding model has been
derived from bandstructure calculations up to third
order in momentum k by Liu et al14 using k · p
theory. In k-space the Hamiltonian can be writ-
ten in terms of the Dirac Γ matrices Γ1,2,3,4,5 =
(τ1 ⊗ σ1, τ1 ⊗ σ2, τ2 ⊗ I2×2, τ3 ⊗ I2×2, τ1 ⊗ σ3), where the
Pauli matrices τi and σi act in orbital and spin space, re-
spectively. It takes into account four dominant bands at
the Fermi surface and reads
H(k) = 0(k)I4×4 +
4∑
i=1
mi (k) Γ
i+R1 (k) Γ5 +R2 (k) Γ3.
(1)
On a bilayer hexagonal lattice the tight-binding param-
eters can be defined as follows:9,29
0(k) = C0 + 2C1 (1− cos kz)
+
4
3
C2
(
3− 2 cos 1
2
kx cos
√
3
2
ky − cos kx
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m1(k) = A0
2√
3
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√
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2
ky
m2(k) = −A0 2
3
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2
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√
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2
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m3(k) = B0 sin kz
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+
4
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2
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√
3
2
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)
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√
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√
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√
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The corresponding model parameters for Bi2Se3, which
we consider here as an example, are derived from Liu
3et al14 using the atomic distances a = 4.14A˚ and c =
28.64
15 A˚
30: A0 = 0.804eV, B0 = 1.184eV, C1 = 1.575eV,
C2 = 1.774eV, M0 = −0.28eV, M1 = 1.882eV, M2 =
2.596eV, R1 = 0.713eV, and R2 = −1.597eV. The pa-
rameter C0 adds only a tiny energy shift and will there-
fore be neglected in the following.
As regards the aluminum electrode, only its density
of states near the Fermi level is of importance for the
tunnelling current. Thus, for simplicity we describe
the superconducting aluminum by the same Hamiltonian
Eq. (1) using the parameters CAl ≡ C1 = C2 = 0.25eV,
C0 = −0.75eV and A0 = B0 = M0 = M1 = M2 =
R1 = R2 = 0. The parameter C0 was chosen such that
the center of the Al band fits the Fermi level of the TI.
In this way the normal state density of states of the Al
band is nearly constant within the bulk gap of the TI.
The BCS density of states in the superconducting state
is described by the Dynes formula, which accounts for a
finite lifetime broadening Γ in the aluminum:31
N± (E) = < |E ± µBB| − iΓ√
(|E ± µBB| − iΓ)2 −∆2
. (2)
Here, E is energy, µB the electron magnetic moment,
B the applied magnetic field, ∆ = 0.35meV the super-
conducting gap of Al, and Γ = 0.03meV. In order to
calculate the transition rate of the junction, we Fourier-
transform the Hamiltonian Eq. (1) into real space onto
its lattice in z-direction, i.e. in the direction perpendic-
ular to the junction. Periodic boundary conditions are
used in the in-plane directions which allows to keep the
in-plane momenta kx and ky as good quantum numbers.
Using Fermi’s golden rule
Γmn =
2pi
~
δ (En − Em) |〈n |HT |m〉|2 , (3)
for the transition rate from an intial state |m〉 into a final
state |n〉, the total tunnelling current from the Al film
into the TI, which takes into account tunnelling processes
at finite temperature in both directions, is given by
I (U) =
2pie
~
∑
m,n
[f (Em − eU)− f (En)] ·
|〈n |HT |m〉|2 δ (En − Em) (4)
for a bias voltage U between the Al electrode and the TI.
Here, m and n number the unperturbed eigenstates of the
Al film and the TI, respectively. The Fermi function
f (E) =
1
1 + e
E
kBT
(5)
describes the occupation of these states at finite temper-
ature. The insulating barrier is modeled by a tunneling
Hamiltonian of the form
HT = −CB
∑
kx,ky,α.σ
d†kx,ky,α.σckx,ky,α.σ + h.c. , (6)
where d†kx,ky,α.σ creates an electron in orbital α with
spin σ in the top layer of the topological insulator and
ckx,ky,α.σ destroys an electron in the bottom layer of the
aluminum.
The differential conductance (DC) which is usually
measured in experiments is obtained from the derivative
of I with respect to U
G (U) =
dI
dU
=
pie2
2~kBT
∑
m,n
1
cosh2 Em−eU2kBT
·
|〈n |HT |m〉|2 δ (En − Em) . (7)
III. CALCULATIONS
In this section we derive a method to calculate the po-
larization of the topological surface states from a given
tunnel spectrum. As pointed out above we cannot sim-
ply take the differential conductance of an Al/I/TI junc-
tion but have to exploit the locking between spin and
propagation direction. Concerning our calculations the
propagation direction of an electron can be obtained via
its group velocity v ∝ ∂E∂k . We first consider the device
geometry shown in Fig. 2. Other geometries will be dis-
cussed in Appendix A.
In order to obtain useful approximation formulas for
the differential conductance we start from an analytical
approximation of the topological surface states, which is
valid in the vicinity of the Dirac node. The results of
this approximate calculation will be compared with full
numerical results below. When we expand Hamiltonian
Eq. (1) up to second order in k, we can derive an ana-
lytical expression for the four components of the surface
state wave function:9
ψ± (p, ϕ) =
1
2

±√1 + pe−i(ϕ−pi2 )√
1 + p
∓√1− pe−i(ϕ−pi2 )√
1− p
 . (8)
Here, ± is for the upper and lower Dirac cone, ϕ is the
in-plane polar angle of the momentum, −1 ≤ p ≤ 1 is the
degree of spin-polarization of the surface states, and the
orientation of the spin is given by the phase e−i(ϕ−
pi
2 ),
i.e. it is always rotated by pi2 with respect to ϕ. The cor-
responding eigenenergies only depend on the magnitude
k =
√
k2x + k
2
y of the in-plane momentum
9
E± = −C1M0
M1
+
(
C2 − C1
M1
M2
)
k2 ±A0
√
1− C
2
1
M21
k.
(9)
These surface states describe an isotropic Dirac cone, i.e.
they neglect the hexagonal deformation, which is of third
order in k. The position of the Dirac node is at the energy
E0 = −C1M0M1 = 0.234eV.
In our model for the Al electrode we simply have four
degenerate eigenstates for each pair of kx and ky. The
4spatial dependence in z-direction is a superposition of an
incoming and a reflected wave and thus given by sin zkz.
An appropriate linear combination of these eigenstates
then leads to states with a specific spin polarization. For
a spin polarization within the x-y surface plane, these
linear combinations are given by
ψ1Al (z, kz, ϕAl) =
1√
2
sin zkz
 e
−iϕAl
1
0
0

ψ2Al (z, kz, ϕAl) =
1√
2
sin zkz
 00e−iϕAl
1
 (10)
where ϕAl is the in-plane polar angle of the polarization
with respect to the kx-axis and
kz ≈ arccos
C0 + CAl
(
2 + k2
)− E
2CAl
(11)
for given momenta kx and ky and energy E. Using Eq.
(8) and (10) the transfer matrix elements of the junction
can be calculated. As these states are degenerate, the
individual matrix elements can be summed up to a single
one
|〈ψAl |HT |ψ±〉|2 = 1
4
C2B sin
2 kz(k) [1∓ p sin (ϕAl − ϕ)] ,
(12)
where CB is the hopping matrix element of the barrier.
This can then be inserted into Eq. (7) multiplied with
the shifted BCS density of states. To get the DC with
respect to the electrode in positive x-direction we follow
Ref. 9 and introduce a function f (ϕ), which gives the
probability that an electron initially propagating under
an angle of ϕ ends up at this electrode. f (ϕ) depends
on the geometry of the device and can also be used to in-
clude effects like spin scattering in the TI. For the simple
case shown in Fig. 2, where all electrons with a positive
group velocity component in x direction end up at that
electrode it is simply9
f (ϕ) =
{
1 forϕ ∈ [−pi2 , pi2 ]
0 else.
(13)
More complex cases are discussed in Appendix A. In the
following we assume that f (ϕ) is an even function, i.e.
f (ϕ) = f (−ϕ), which is always satisfied when mirror
symmetry with respect to the x-z-plane holds.
Let us choose the applied magnetic field to point in the
direction of ϕAl. Then, the differential conductance Eq. 7
consists of two contributions coming from the electrons
with spin either parallel or antiparallel to the magnetic
field. For the contribution with parallel spin we find
G− (T,U, ϕAl) = (14)
const.
T
ˆ k0
0
dkk
ˆ pi
−pi
dϕ
(
f (ϕ)
|〈ψAl |HT |ψ+〉|2
cosh2
(
E+−eU
2kBT
) N− (E+)
+f (ϕ− pi) |〈ψAl |HT |ψ−〉|
2
cosh2
(
E−−eU
2kBT
) N− (E−))
=
ˆ pi
−pi
dϕf (ϕ) (1− p sinϕAl cosϕ) const.
T
ˆ k0
0
dkk (15)
·
 sin2 kz(k)N− (E+)
cosh2
(
E+−eU
2kBT
) + sin2 kz(k)N− (E−)
cosh2
(
E−−eU
2kBT
)

=
ˆ pi
−pi
dϕf (ϕ) (1− p sinϕAl cosϕ)G′− (T,U) . (16)
Here, the DC becomes a product of a ϕ-integral, which
depends on the geometry of the device and the relative
polarization of the Al film with respect to the TI, and the
term G′− (T,U), which contains the densities of states of
the two materials. Analogously, we find for electrons with
spin oriented antiparallel
G+ (T,U, ϕAl) = (17)ˆ pi
−pi
dϕf (ϕ) (1 + p sinϕAl cosϕ)G
′
+ (T,U)
with G′+ (T,U) depending on N+ (E) instead of N− (E).
The total DC of the junction is then
G (T,U, ϕAl) = (18)
G− (T,U, ϕAl) +G+ (T,U, ϕAl)
Eq. (13)
= (pi − 2p sinϕAl)G′− (T,U) (19)
+ (pi + 2p sinϕAl)G
′
+ (T,U) .
This is shown in Fig. 3 as a function of bias voltage U
for T = 0.4K, B = 3T, ϕAl =
pi
2 , p = 1, and a chemical
potential of µ = 0.2eV. The chemical potential is chosen
somewhat below the Dirac node, i.e. at an energy where
the hexagonal deformation of the Dirac-cone is small. For
comparison, we also show the result of a numerical cal-
culation of the differential conductance Eq. (7). This
calculation was based on the full Hamiltonian Eq. (1) on
a hexagonal lattice with 50 layers along z ([001]). The
momenta kx and ky were uniformly distributed over the
first Brillouin zone with a discretization of 2√
3
2pi
N and
N = 48000, corresponding to a sample width of about
20µm. In spite of the simplifications made in the ana-
lytical approximations, there is only a small deviation of
the two DC curves. Please note that one can discern four
peaks in the DC curves, even though the surface states
are fully polarized here (p = 1). The physical reason for
this is the spin texture of the topological surface states:
even though the current from the Al electrode to the M
electrode in positive x-direction is dominated by spin up
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FIG. 3: Calculated DC of the Al/I/Bi2Se3 junction using
T = 0.4K, ϕAl =
pi
2
, p = 1, and µ = 0.2eV, for the analyti-
cal approximation (red) and the numerical calculation (blue)
based on the full Hamiltonian Eq. (1). The dashed lines are
the correction functions h (U), fitted to the outermost tenth
on each side of the DC curves. We used a third order poly-
nomial for the fit.26
electrons, there is a small but finite probability that a
spin down electron can tunnel into a topological surface
state with positive group velocity vx in x-direction.
In the following we demonstrate that the polariza-
tion p of the topological surface states can be reliably
inferred from such differential conductance curves. In
Ref. 24 Tedrow and Meservey derived a formula to ex-
tract the polarization of ferromagnets from the four peak
heights of the DC curve. Here, we adapt that for-
mula to the present case and show that the polariza-
tion p can be obtained from it within a good approxi-
mation. If the density of states of the TI and Al film
were constant as a function of energy except for the
BCS density of states, we could express G′− (T,U) and
G′+ (T,U) in terms of the unsplit DC G
′ (T,U).24 Defin-
ing F± =
´ pi
−pi dϕf (ϕ) (1± p sinϕAl cosϕ) the differential
conductance g at some arbitrary bias voltage x = U − µe
could be written
g(x) = F+G
′ (T, x+ b) + F−G′ (T, x− b) , (20)
where b ∼ µBBe is the splitting of spin up and spin down
densities of states. One now evaluates g(x) at four bias
voltages ±x and ±(x− 2b), where x ∼ ∆+µBBe is chosen
at the peak position of the outermost peak. The values
of the four conductances g1 to g4 (from left to right) are
then given as
g1 = F+G
′ (T,−x+ b) + F−G′ (T,−x− b) (21)
g2 = F+G
′ (T,−x+ 3b) + F−G′ (T,−x+ b) (22)
g3 = F+G
′ (T, x− b) + F−G′ (T, x− 3b) (23)
g4 = F+G
′ (T, x+ b) + F−G′ (T, x− b) . (24)
Assuming that G′ (T, x) is a symmetric function of x, this
set of equations can be solved and the polarization p can
be obtained from the four conductances g1 to g4 leading
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FIG. 4: DC with respect to the metallic electrode in posi-
tive x-direction of the Al/I/Bi2Se3 junction shown in Fig. 3
after multiplying with 1
h(U)
, for the analytical approximation
(red, solid) and the numerical calculation based on the full
Hamiltonian Eq. (1) (blue, dotted).26
to the formula
p =
(g4 − g2)− (g1 − g3)
(g4 − g2) + (g1 − g3)
γ
sinϕAl
. (25)
Here, the factor
γ =
´ pi
−pi dϕf (ϕ)´ pi
−pi dϕf (ϕ) cosϕ
(26)
accounts for the geometry of the device. For f (ϕ) given
by Eq. (13) we have γ = pi2 .
Since we required that we can write the splitted DC
curves Eq. (16) and (17) in terms of the unsplit curve
G′ (T,U) in the derivation of Eq. (25), Eq. (25) be-
comes inaccurate if the densities of states of spin-up and
spin-down electrons in the superconductor are not the
same function of energy. This is the case if spin-orbit
scattering in the superconductor is present. However,
concerning thin aluminum films, spin-orbit scattering is
small and the deviation from Eq. (25) should therefore be
negligible.24 In the case of significant spin-orbit scatter-
ing in the superconductor, one can still fit the DC curves
to obtain the polarization, if the energy dependence of
the separate spin densities of states are known.
In the above calculation we assumed the normal state
densities of states to be constant as a function of energy.
Since this is not the case for TIs we have to remove this
energy dependence from the measured DC in order to cal-
culate the polarization p. This can be done by fitting the
DC curve with a low order polynomial h (U), after cut-
ting out the part with a high influence of the BCS density
of states, as shown in Fig. 3 (dashed line). Afterwards
one then multiplies G (T,U, ϕAl) with
1
h(U) and analyzes
this corrected DC curve. The corrected DC curves are
shown in Fig. 4. While there was a small difference be-
tween our analytical and numerical calculations in Fig. 3,
the curves now agree very well and thereby support the
general validity of this procedure and of Eq. (25). Be-
cause of the broadening of the BCS density of states, the
6exact peak maxima in general do not fulfill the symme-
try requirement around µ. To reduce the error on the
polarization value, the positions for the gi have to be
chosen such that the slope of the DC at these positions
is small. Here, we choose them such that the largest
outer and largest inner peak, which are either g1 and g3
or g4 and g2, are met exactly. The other two positions are
then automatically given by the symmetry requirement
around µ. Applying this to the analytical DC curve in
Fig. 4 (black crosses) yields p ≈ 0.9995, consistent with
the model parameter of p = 1. The deviation from the
absolute value of the actual polarization of 100% is only
0.05 percentage points. It is however the inverse of the
actual polarization for kx < 0 at the lower Dirac cone.
The numerical DC curve yields p ≈ 1.0038, with only
a slightly larger deviation. Applying the same formula,
with the same γ factor, to the DC of the opposite metal-
lic electrode, we find p ≈ −1.0038, i.e. the same value
with opposite sign.
Equation (25) is based on the topological surface states
given by Eq. (8) where the spin is always perpendicular
to the in-plane momentum. As this may not always be
the case it is useful to rewrite Eq. (25) such that it does
not depend on the direction of the magnetic field but
instead on the angular difference ∆ϕAl of magnetic field
and surface state polarization. When we account for the
counterclockwise rotation of the spin in the lower Dirac
cone as well, the new model independent formula reads
p =
(g1 − g3)− (g4 − g2)
(g1 − g3) + (g4 − g2)
γ
cos ∆ϕAl
. (27)
Provided that the γ factor is calculated for a function
f (ϕ) that gives the probability with respect to the elec-
trode in positive direction, it always yields the correct
polarization value for surface electrons propagating to
the considered electrode. In practice the magnetic field
should be oriented parallel to the polarization of the
TI (∆ϕAl = 0), i.e. such that the DC becomes maxi-
mal. By this, on the one hand we get the orientation
of the surface state spin and on the other hand maxi-
mize the tunneling current. For γ = 1, which is found
for f (ϕ) = δ (ϕ), Eq. (27) coincides with the formula of
Tedrow and Meservey24.
In Fig. 5 we show the extracted polarization as a func-
tion of chemical potential µ. We see no systematic de-
viation from p = −1 . This is not intuitively clear con-
sidering the energy dependent hexagonal deformation of
the Fermi surface along with an out of plane tilt of the
spin polarization. To analyze the influence of a hexago-
nal deformation we therefore assume a correction of the
surface state approximation, where the spin is tilted out
of the surface plane with alternating sign with a threefold
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FIG. 5: Extracted polarization as a function of µ for B = 3T
and T = 0.4K (crosses). The measured polarization shows no
sign of the µ dependent hexagonal out of plane tilt of the spin
polarization, as there is no systematic deviation from p = 1
(black line) for both spatial directions. Values near the Dirac
node are missing because the minimum in the density of states
makes it difficult to get a correct fit.26
period:
ψ′± (p, q, ϕ) =
1
2

±√1± q cos 3ϕ√1 + pe−i(ϕ−pi2 )√
1∓ q cos 3ϕ√1 + p
∓√1± q cos 3ϕ√1− pe−i(ϕ−pi2 )√
1∓ q cos 3ϕ√1− p
 .
(28)
Here, 0 ≤ q ≤ 1 is the absolute value of the out of
plane polarization. The spin expectation values of this
improved approximation are given by
nx =
〈
ψ′± |Σx|ψ′±
〉
= ±
√
1− q2 cos2 3ϕ p sinϕ (29)
ny =
〈
ψ′± |Σy|ψ′±
〉
= ∓
√
1− q2 cos2 3ϕ p cosϕ(30)
nz =
〈
ψ′± |Σz|ψ′±
〉
= ±q cos 3ϕ (31)
With this new approximation, the ratio of the DC peaks
remains basically the same, with a new factor
γ′ =
´ pi
−pi dϕf (ϕ)´ pi
−pi dϕf (ϕ)
√
1− q2 cos2 3ϕ cosϕ (32)
which depends on q. So it becomes possible to calcu-
late the deviation from Eq. (27) for specified values of
q and estimate possible errors. For the case shown in
Fig. 5 a maximal out-of-plane polarization of q ≈ 0.17 at
the lower edge of the bulk gap yields a relative deviation
γ′
γ ≈ 1.008 for DC measurements along the x-direction.
This is only of the order of the measurement accuracy.
Along the y-direction (replace cos 3ϕ with cos
(
3ϕ− pi2
)
),
this ratio is even slightly smaller γ
′
γ ≈ 1.007, because
the out-of-plane polarization is zero along the y-axis and
states close to the axis contribute strongest to the DC.
In the extreme case of f (ϕ) = δ (ϕ), which would be
valid for a two dimensional device, these deviations be-
come somewhat larger, but are still small. At the lower
end of the bulk gap, a deviation of γ
′
γ ≈ 1.015 could be
7expected. Note, however that in this case, the out-of-
plane polarization strongly depends on the measurement
direction. Along some crystal axes it reaches the maxi-
mum value, while for others it completely vanishes. So,
by varying the measurement direction, one can get rid of
the out-of-plane spin component in order to access the
in-plane component. It is however unlikely that the out-
of-plane component can be determined from how γ varies
as a function of ϕ. A device that is capable of measuring
along certain crystal axes is presented in appendix A 3.
From Eq. (27) one sees that the polarization p depends
linearly on the geometrical factor γ. Instead of measur-
ing p for a given value of γ, one can alternatively also
measure γ for a given p. This grants access to another
physical variable of the topological insulator: the spin-
flip mean free path, which is crucial to applications in
spintronics. The spin-flip mean free path ξ is the average
path after which an electron has lost information on its
original spin and hence also on its propagation direction.
If there is spin-scattering in the TI, the measured appar-
ent spin-polarization of the surface states will depend on
the length of the path between the Al and M electrode
and the spin-flip mean free path ξ thereby enters into
the distance dependent γ factor. For the device in Fig. 2
we derived the probability distribution f (ϕ) accounting
for a finite spin-flip mean free path ξ in Appendix A 1.
From this expression γ can be calculated numerically. For
a known polarization p one can then simply calculate ξ
by fitting γ to Eq. (27). If p is unknown, it is still pos-
sible to calculate ξ from how γ varies with distance d.
However, this is more inaccurate as it requires multiple
devices with different distances d. To reduce errors, the
different devices should at least be prepared on the same
sample, since ξ and p may depend on the quality of the
TI material. Assume p of the form p = χi (di) γi (di) and
identical for devices with different distances di. Then, we
can solve Eq. (27) for the ratio of two γi:
γ1 (d1)
γ2 (d2)
=
χ2 (d2)
χ1 (d1)
. (33)
The spin-flip mean free path ξ can be fitted to this ratio
as shown in Fig. 6. In order to get an accurate result, d or,
in the case of an unknown polarization, the distances d1,
d2 and |d2 − d1| should be in the same order of magnitude
as ξ.
IV. SUMMARY AND CONCLUSIONS
We have studied a generalization of the Meservey-
Tedrow method to topological insulators. Starting from
an analytical approximation of TI surface states, we
showed how quantum tunneling from a superconductor
into these surface states can be used to measure their spin
polarization. In contrast to the application to ferromag-
nets, one has to measure the tunneling current with re-
spect to different spatial directions and take into account
that the density of states in TI surface states is strongly
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FIG. 6: Geometrical factor γ with spin-flip scattering as a
function of spin-flip mean free path for two values of distance
d = 1 and d = 2. Here, the width of the electrodes is l = 1.
The inset shows the ratio of the two curves.26
energy dependent. Considering these aspects we derived
formulas that allow easy calculation of the in-plane spin
polarization from measured tunneling spectra, where the
geometry of the device enters as a single factor. As there
is no chemical potential dependence of the in-plane po-
larization, the tunneling spectra seem to be insensitive
to the out-of-plane polarization of the surface states, at
least for the device geometries considered here. When
spin-flip scattering is included in the calculation of the
geometrical factor, it can be measured as well and hence,
if measured prior to the spin polarization, can increase
the accuracy of the calculated spin polarization.
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Appendix A: Geometrical factor
The geometrical factor γ plays a crucial role when cal-
culating the spin polarization from a given DC curve. In
this appendix we will therefore discuss the calculation of
γ for some alternative geometries of the device. These ge-
ometries have some advantages over the basic geometry
in Fig. 2, but are more difficult to realize. Considering
the basic geometry in Fig. 2 we will also give a simple
example of including the effect of spin-flip scattering in
the TI. The function f (ϕ), from which γ is derived, gives
the probability that an electron starting at an angle ϕ in
the TI ends up at the considered metallic electrode. For
a given value of ϕ it is hence given by the ratio of the
number of all possible trajectories reaching the electrode
and those not reaching it.
8FIG. 7: Semi circle setup of the device. In this setup, the
mean path length for electrons in the TI is independent of
ϕ.26
1. Basic geometry with spin-flip scattering
In the basic geometry in Fig. 2 it is assumed that all
electrons initially moving in positive x-direction will end
up at the electrode at x > 0, which is only true as long as
there is no spin-flip scattering. If ξ is the spin-flip mean-
free-path of the surface states, d the distance between
the aluminum and the metallic electrode and l the width
of these electrodes, f (ϕ) is given by
f (ϕ) =
ˆ d+2l
d
dx
l − |x− d− l|
l2
(A1)
·1
2

(
1 + e−
x
ξ cosϕ
)
if ϕ ∈ [−pi2 , pi2 ](
1− e xξ cosϕ
)
if ϕ ∈ [−pi,−pi2 ] , [pi2 , pi]
Here, d ≤ x ≤ d+ 2l is the distance between two vertical
lines in the two electrodes and the integral averages over
all x. Note, that with spin-flip scattering also electrons
initially moving in the opposite direction can reach the
electrode. For small ξ or large x, f (ϕ) approaches 12 for
all ϕ, i.e. all information on the initial spin is lost. In
order to measure the spin from such a device the ratio
x
ξ should therefore be small. The geometrical factor γ
has to be calculated numerically for specific values of ξ,
d and l (see Fig. 6).
2. Semi circles
The concept of electrodes with a semi circle form
(Fig. 7) can be interesting if the spin-flip mean-free-path
of the surface states is small, because in this geometry,
the path length for electrons in the TI is small in all di-
rections, reducing spin-flip processes. It also completely
avoids possible scattering processes at the edges of the
TI. For a given angle ϕ only electrons from a circular
segment of the round Al electrode can reach the elec-
trode in positive x-direction and f (ϕ) is then given by
the ratio of this segment and the total area of the Al
FIG. 8: U-shaped setup of the device (modified from Ref. 9).
The two relevant electrodes which are separated by d are as-
sumed to have both the same height h and length l. The
U-shaped electrode captures nearly all electrons moving in
other directions than the small metallic electrode.26
electrode:
f (ϕ) = 1− 1
pi
<
[
arccos
(
Ro
Ri
cosϕ
)
(A2)
−Ro
Ri
cosϕ
√
1− R
2
o
R2i
cos2 ϕ
]
(Ro≈Ri)≈ 1− 1
pi
(|ϕ| − cosϕ sin |ϕ|) (A3)
Here, Ri and Ro are the inner and outer radii of the spac-
ing between aluminum (Al) and metallic (M) electrode,
with Ro − Ri being the distance between them. In the
limit Ro ≈ Ri we get γ = 316pi2, while for RiRo → 0 the
solution γ = pi2 of the basic geometry is recovered.
3. U-shaped geometry
The device with a U-shaped metallic electrode (Fig. 8)
discussed in Ref. 9 opens the possibility to investigate the
spin-polarization of surface states with a specific momen-
tum, because it filters out almost all electrons moving in
other directions than that given by the two small elec-
trodes. Hence, one could even apply it to anisotropic
surfaces, where the Fermi surface is not circular and the
spin-polarization may depend on the momentum direc-
tion. In this case f (ϕ) is given by9
f (ϕ) =
ˆ d+2l
d
dx
l − |x− d− l|
l2
(A4)
·
(
1− x
h
tan |ϕ|
)
Θ
(
arctan
h
x
− |ϕ|
)
,
where Θ is the Heaviside step function, l and h are the
length and height of the two small electrodes and d the
distance between them. For given values of d, l and h,
γ can be calculated numerically. If xh is large for all
9x, Eq. (A4) may be approximated by f (ϕ) = δ (ϕ),
i.e. γ = 1. The DC then effectively becomes that of
a two dimensional device, where all electrons reaching
the metallic electrode have the same momentum direc-
tion and spin. In principle, using multiple devices with
different orientations of the electrodes with respect to the
lattice of the TI the k-dependent spin structure of the
surface states can be studied. It is also possible to split
the U-shaped electrode into multiple parts. In this way
measurements in multiple directions can be done with a
single device.
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